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Abstract
Within the newly updated version of the ultrarelativistic quantum molecular dynamics (UrQMD)
model, the transverse-velocity dependence of the elliptic flow of free nucleons from 197Au+197Au
collisions at the incident energy 400 MeV/nucleon is studied within different windows of the normal-
ized c.m. rapidity y0. It is found that the elliptic flow difference v
n
2 -v
p
2 and ratio v
n
2 /v
p
2 of neutrons
versus protons are sensitive to the density dependence of the symmetry energy, especially the ra-
tio vn2 /v
p
2 at small transverse velocity in the intermediate rapidity intervals 0.4 < |y0| < 0.6. By
comparing either transverse-momentum dependent or integrated FOPI/LAND elliptic flow data of
nucleons and hydrogen isotopes with calculations using various Skyrme interactions, all exhibiting
similar values of isoscalar incompressibility but very different density dependences of the symmetry
energy, a moderately soft to linear symmetry energy is extracted, in good agreement with previous
UrQMD or Tu¨bingen QMD model calculations but contrasting results obtained with pi−/pi+ yield
ratios available in the literature.
PACS numbers: 21.65.Cd, 21.65.Mn, 25.70.-z
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The nuclear symmetry energy, which plays an important role in studying exotic nuclei,
heavy-ion collisions (HICs) with and without radioactive beams, and neutron stars, is a very
active field of research in nuclear and astronuclear physics. It can be calculated from the
parabolic approximation of the equation of state (EoS) of isospin asymmetric nuclear matter,
e(ρ, δ) = e0(ρ, 0)+esym(ρ)δ
2, where δ = (ρn−ρp)/(ρn+ρp) is the isospin asymmetry defined
through the neutron (ρn) and proton (ρp) densities. The first term e0(ρ, 0) is the energy per
nucleon of isospin symmetric nuclear matter which, at the saturation density ρ0, is known
as the binding energy E0 of nuclear matter; the coefficient esym(ρ) of the second term is the
bulk symmetry energy. There exists a large number of theoretical predictions for the density
dependence of esym obtained with different many-body, effective field, or phenomenological
approaches. For a recent review, see Ref. [1].
Many practical attempts have been made to estimate parameters of the symmetry energy
around saturation. They include the symmetry energy coefficient S0 = esym(ρ0), the slope
parameter L = 3ρ0
(
∂esym(ρ)
∂ρ
)
|ρ=ρ0 , and the curvature parameter Ksym = 9ρ
2
0
(
∂2esym(ρ)
∂ρ2
)
|ρ=ρ0,
and are obtained from the comparison of model calculations and experimental data, such as
atomic masses [2–5], α-decay energies [6], nuclear charge radii [7], the thickness of the neutron
skins of heavy nuclei [8, 9], pygmy and giant dipole resonances [10–12], and nuclear isobaric
analog-state energies [13]. Even though the deduced constraints are somewhat different in
different studies, they are generally consistent with each other [14–17]. Examples are the
values S0 = 31± 2 MeV and L = 50± 20 MeV reported in Refs. [14, 15] and the results of
Refs. [16, 17] providing a constraint centered around (S0, L) = (32.5, 70) MeV.
To probe the high-density behavior of the nuclear symmetry energy in terrestrial labora-
tories, we need the aid of HICs. Usually, the measured experimental data are compared with
corresponding results of microscopic transport models in order to extract the information
they carry with regard to properties of the symmetry energy. Several observables have been
found or predicted to be sensitive to the nuclear symmetry energy as, e.g., neutron and
proton yields and flow ratios, double ratios, or differences, π−/ π+ and K0/K+ meson pro-
duction ratios, the Σ−/Σ+ ratio, and the balance energy of directed flow [18–32]. However,
even though precise experimental data are available for some of these quantities, their inter-
pretation is strongly model dependent and the obtained constraints on the nuclear symmetry
energy at high densities are not consistent with each other (see, e.g., Refs. [14, 15, 17, 33]).
Recently, the neutron-proton (or neutron-hydrogen) elliptic flow difference vn2 − v
p,H
2 and
3
ratio vn2 /v
p,H
2 have been taken to constrain the high-density behavior of the nuclear symmetry
energy. The elliptic flow parameter v2 is the second-order coefficient in the Fourier expansion
of the azimuthal distribution of detected particles
dN
dφ
= v0 [1 + 2v1 cos (φ) + 2v2 cos (2φ)] (1)
and has the properties
v2 ≡ 〈cos (2φ)〉 =
p2x − p
2
y
p2t
. (2)
Here φ denotes the azimuthal angle of the considered outgoing particle with respect to
the reaction plane and px and py are the two components of the transverse momentum
pt =
√
p2x + p
2
y in the so oriented frame. The angular bracket denotes an average over
all considered particles of a given event class. The parameter v2 is thus a function of
particle type, impact parameter, rapidity y, and transverse momentum pt. By comparing
calculations of two different versions of quantum molecular dynamics (QMD) models with
the existing FOPI/LAND experimental data, a moderately soft to linear symmetry energy
with a density dependence of its potential term proportional to (ρ/ρ0)
γ with the strength
parameter γ=0.9±0.4 (correspondingly, L = 83± 26 MeV) and a moderately stiff to linear
symmetry energy with the stiffness parameter x = −1.35 ± 1.0 of the generalized Gogny
force [34] (correspondingly, L = 122 ± 57 MeV), have been reported in Refs. [23] and [25],
respectively.
Furthermore, by using the newly updated ultrarelativistic quantum molecular dynamics
(UrQMD) model in which the Skyrme potential energy density functional is introduced, the
recently published flow data [35, 36] of the FOPI Collaboration for light charged particles
(protons, 2H, 3H, 3He, and 4He) can be reproduced quite well [37]. An advantage of the
UrQMD update is that the stiffness of the symmetry energy can be more consistently se-
lected within a broad range by simply changing Skyrme interactions, rather than by varying
the exponent γ in the potential term of the symmetry energy which, in addition, cannot be
used to express a very soft symmetry energy [38]. It thus seems worthwhile to update the
results of Ref. [23] within the framework of the newly updated UrQMD model, utilizing dif-
ferent Skyrme interactions with similar values of the isoscalar incompressibility but differing
strengths of the symmetry energy.
In the work reported in Ref. [25], performed with a version of the Tu¨bingen QMD model,
the effects of uncertainties in several important ingredients of the transport model on the
4
neutron-proton elliptic flow difference and ratio were carefully analyzed. They include, in
addition to the symmetry energy, the incompressibility K0 of nuclear matter, the nuclear
optical potential, the in-medium nucleon-nucleon cross sections, and the momentum depen-
dence of the symmetry potential. This work is important since most of these ingredients are
still largely uncertain and their effects need to be assessed. In the current work an alternative
strategy is pursued, consisting of firstly finding a set of model parameters which can ”best”
describe the FOPI flow data for charged light clusters, then exploring the sensitivity of the
symmetry energy to the neutron-proton flow difference and ratio in various rapidity and
transverse momentum intervals, and finally estimating the value of the slope parameter of
the symmetry energy by comparing with the existing data. The overall model dependence
can still be discussed during this process and will become apparent when comparing the
calculations with the two members of the QMD family.
The UrQMD model has been widely and successfully used to study nuclear reactions of
p+p, p+A and A+A systems within a large range of beam energies, from SIS up to the
LHC [39–42]. In the present code [37], the nuclear effective interaction potential energy U
of the Hamiltonian H is derived from the integration of the Skyrme potential energy density
functional, Uρ =
∫
uρd
3~r, and uρ reads
uρ =
α
2
ρ2
ρ0
+
β
η + 1
ρη+1
ρη0
+
gsur
2ρ0
(∇ρ)2 +
gsur,iso
2ρ0
[∇(ρn − ρp)]
2
+(Aρ2 +Bρη+1 + Cρ8/3)δ2 + gρτ
ρ8/3
ρ
5/3
0
(3)
where α, β, η, gsur, gsur,iso, A, B, C, and gρτ are parameters which can be directly calculated
by using Skyrme parameters (see, e.g., Refs. [37, 43]). It is known that the ρτ term, obtained
from the Thomas-Fermi approximation to the kinetic energy density, can not fully repre-
sent the momentum dependence of the whole non-equilibrium dynamic process [43]. The
momentum dependence of the real part of the optical potential (called ”optical potential”
for short in this paper) originating from that in Ref. [44] is also considered, as well as the
Coulomb term. The importance of the optical potential for observables such as particle pro-
duction and flow measured in HICs at intermediate energies has been widely investigated
but its form is still far from being settled [44, 45]. Recently, an isospin-dependent opti-
cal potential [34] was introduced into the isospin-dependent Boltzmann-Uehling-Uhlenbeck
(IBUU04) transport model based on the Gogny effective interactions [46], giving rise to the
issues of the momentum dependence of the symmetry energy and the associated neutron-
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proton effective mass splitting effect in the isospin asymmetric nuclear matter. Effects of the
momentum-dependent symmetry potential or the neutron-proton effective mass splitting in
HICs have been discussed recently [46–53]. But, it is still unclear whether the effective mass
of neutrons is larger or smaller than that of protons in, for example, the neutron-rich nuclear
medium [1, 54–56]. While it is claimed that the neutron-proton elliptic flow difference is
influenced to some extent by the momentum dependence of the nuclear symmetry potential
in Refs. [49, 52], it was reported in Ref. [53] that the flow difference does not exhibit a vis-
ible sensitivity to the momentum dependent part of the isovector nucleon potential within
the constraint of an asy-soft EoS, although the neutron-proton differential transverse flow
does. Therefore, the influence of the neutron-proton effective mass splitting on observables
in HICs certainly deserves further studies. However, together with support from previous
QMD analyses, an isospin-independent form of the optical potential is still considered as
appropriate for the current analysis of elliptic flows.
TABLE I. Saturation properties of nuclear matter as obtained with selected Skyrme parameteri-
zations used in this work.
ρ0(fm
−3) E0(MeV ) K0(MeV ) S0(MeV ) L(MeV ) Ksym(MeV ) m
∗/m
Skz4 0.160 -16.01 230.08 32.01 5.75 -240.86 0.70
Skz2 0.160 -16.01 230.07 32.01 16.81 -259.66 0.70
SV-mas08 0.160 -15.90 233.13 30.00 40.15 -172.38 0.80
MSL0 0.160 -16.00 230.00 30.00 60.00 -99.33 0.80
SkA 0.155 15.99 263.16 32.91 74.62 -78.46 0.61
SV-sym34 0.159 -15.97 234.07 34.00 80.95 -79.08 0.90
Ska35s25 0.158 -16.14 241.30 36.98 98.89 -23.57 0.99
SkI5 0.156 -15.85 255.79 36.64 129.33 159.57 0.58
SkI1 0.160 -15.95 242.75 37.53 161.05 234.67 0.69
In this work, we choose 19 Skyrme interactions Skz4, BSk8, Skz2, BSk5, SkT6, SV-
kap00, SV-mas08, SLy230a, SLy5, SV-mas07, SV-sym32, MSL0, SkO’, Sefm081, SV-sym34,
Rs, Sefm074, Ska35s25, and SkI1 [57] which give quite similar values of K0 (within about
230±10 MeV) but different L and Ksym values (the saturation properties of selected typical
forces are shown in Table I). Moreover, in order to examine the influence ofK0 on the isospin-
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sensitive observables such as the elliptic flow ratio and difference, the parameterization sets
SkA and SkI5 [57], giving larger incompressibility values than other sets, are also included.
We notice from Table I and also from Ref. [57] that, due to the momentum-dependence of
the Skyrme potential itself, values of the effective mass ratio m∗/m at normal density of
selected sets still spread in a large range from about 0.6 up to 1.0 while the adopted optical
potential provides an acceptable value of m∗/m = 0.75 at the Fermi momentum.
Figure 1 shows the density dependence of the symmetry energy for Skyrme interactions
Skz2, SV-mas08, MSL0, SV-sym34, Ska35s25, and SkI1. In addition, the stiff (UrQMD-γ =
1.5) and soft (UrQMD-γ = 0.5) symmetry energies used in previous UrQMD calculations
are shown for comparison and the symmetry energies deduced from the analyses of the
FOPI π−/π+ ratios within the IBUU04 [21] and the Lanzhou quantum molecular dynamics
(LQMD) [22] models are exhibited as well. It is apparent that the set of selected Skyrme
forces covers the different forms of symmetry energies presented and currently discussed by
theoretical groups.
The treatment of the collision term is the same as in our previous work [37] in which
the FP4 parameterization of the in-medium nucleon-nucleon elastic cross section (NNECS)
is adopted (except where stated otherwise). The program is stopped at 150 fm/c and then
an isospin-dependent minimum span tree (iso-MST) algorithm is used to construct clusters.
Nucleons with relative distances smaller than R0 and relative momenta smaller than P0
are considered to belong to the same cluster. In the present work, R0 and P0 are set to
Rpp0 = 2.8 fm, R
nn
0 = R
np
0 = 3.8 fm, and P0 = 0.25 GeV/c.
As a first step, we try to describe the recent FOPI experimental data of the transverse
momentum dependence of elliptic flow [36] using the updated UrQMD model. Figure 2
shows the ut0 dependence of the elliptic flow of protons and neutrons in semi-central (0.25 <
b0 < 0.45)
197Au+197Au collisions at Elab=400 MeV/nucleon as calculated with the two
parameter sets Skz4 and SkI1 for the two rapidity windows |y0| < 0.4 and 0.4 < |y0| < 0.6.
The reduced impact parameter b0 is defined as b0 = b/bmax with bmax = 1.15(A
1/3
P + A
1/3
T ).
The scaled units ut0 ≡ ut/up and y0 ≡ y/yp are used as done in Ref. [36]. The subscript
p refers to the incident projectile in the center-of-mass system, and the subscript t denotes
transverse (spatial) components. Here ut = βtγ is the transverse component of the four-
velocity u = (γ, βγ) while the longitudinal rapidity is y = 1/2ln((1 + βz)/(1 − βz)). The
proton elliptic flow data for |y0| < 0.4 [36] is shown with stars while calculations are given
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FIG. 1. (Color online) Density dependence of the symmetry energy for Skyrme interactions Skz2,
SV-mas08, MSL0, SV-sym34, Ska35s25, and SkI1 (lines). Symmetry energies used in previous
UrQMD [23] (lines with solid symbols), in LQMD [22] (line with open squares), and in IBUU04 [21]
(line with open triangles) calculations are also shown for comparison.
by the lines.
Firstly, it is easily seen that the FOPI flow values of protons can be reproduced fairly well
by both parameter sets in the whole ut0 region of the mid-rapidity window. The difference
of K0 obtained with Skz4 and SkI1 is only about 12 MeV while that of L is more than 150
MeV (Table I). This implies that elliptic flows of nucleons can not be used individually to
constrain the stiffness of the symmetry energy although they are known to be sensitive to
the isoscalar part of the EoS. This is not unexpected as the contribution of the symmetry
energy term is minor in comparison.
Secondly, if one compares the medium-modified NNECS adopted here (FU3FP4), follow-
ing the results of Ref. [37], with the choice FU3FP1 suggested in Ref. [41], it is found that,
in order to achieve the best description of the excitation function of collective flows, the
medium corrections of NNECS should be gradually reduced with increasing beam energy.
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FIG. 2. (Color online) Elliptic flow v2 of protons and neutrons in semi-central (0.25 < b0 < 0.45)
197Au+197Au collisions at Elab = 400 MeV/nucleon as a function of the normalized transverse
component ut0 of the four-velocity. Calculations with Skz4 and SkI1 (lines) for the two rapidity
windows |y0| < 0.4 (a) and 0.4 < |y0| < 0.6 (b) are shown and, in the top panel, compared with
the FOPI data for protons (stars) reported in Ref. [36].
The restoration of the free NNECS should take place at lower relative momenta at the higher
energies, a trend also reported in Ref. [43]. However, the need for an enhancement of the
in-medium NNECS found there when describing the elliptic flow of Z ≤ 2 particles from
midcentral 197Au+197Au collisions at about 400 MeV/nucleon is not evident here. From the
current analysis, we find that this is likely due to the different particle species examined
in the two studies. It is known that, mainly due to the lack of spin degrees of freedom in
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the QMD-like models, the yield of Z = 2 particles is largely underestimated. When taking
the contribution of light clusters weighted by their numbers into account, irrespective of
their mass numbers, the calculated absolute value of the elliptic flow for Z ≤ 2 particles
becomes slightly underestimated, an effect compensated with enhanced cross sections in the
comparison with the experimental data for 197Au+197Au collisions reported in Ref. [43].
Finally, for both rapidity windows, we observe a small but opposite effect of Skz4 and
SkI1 on proton and neutron elliptic flows. In the Skz4 case (soft symmetry energy), the
squeeze-out of protons is much larger than that of neutrons, whereas in the SkI1 case (stiff
symmetry energy), the trend is reversed: neutrons show a larger squeeze-out than protons.
The differences grow with increasing ut0. As reported in Ref. [23], this phenomenon reflects
the high density behavior of the symmetry energy.
In order to enlarge the symmetry energy effect and eliminate model-parameter depen-
dences and other uncertainties of the individual flow observables, it is of interest to study the
neutron-to-proton elliptic flow difference vn2 -v
p
2 and ratio v
n
2 /v
p
2 [25, 58]. In Fig. 3, calcula-
tions with Skz4, SV-sym34, and SkI1 for vn2 -v
p
2 (upper two panels) and v
n
2 /v
p
2 (lower panels)
are shown in two rapidity windows: |y0| < 0.4 and 0.4 < |y0| < 0.6. The L value obtained
with SV-sym34 is 80.95 MeV and lies between the two extremes obtained with Skz4 and
SkI1 (Table I). Correspondingly, the flow differences and ratios calculated with this force
are also centered in all plots. Furthermore, since the elliptic flows of neutrons and protons
are negative within current conditions, the vn2 -v
p
2 differences decrease while the v
n
2 /v
p
2 ratios
increase with increasing L. With increasing ut0, the sensitivity to the symmetry energy of
vn2 -v
p
2 (v
n
2 /v
p
2) is enlarged (reduced), just because the absolute value of v2 increases (Fig. 2).
Finally, in both rapidity windows, but more so for 0.4 < |y0| < 0.6, the isospin effect on
vn2 -v
p
2 and v
n
2 /v
p
2 at about 0.5 < ut0 < 1.5 is visibly large. Provided that the statistical errors
will be small enough, intermediate rapidity windows may thus serve as promising kinematic
regions in future experiments aiming at extracting a more precise information on the density
dependence of the symmetry energy.
In the following, we will re-compare existing FOPI/LAND data, as reported in [23], with
calculated elliptic flow ratios of neutrons vs. protons or hydrogen isotopes. For a better
statistical accuracy in both calculations and experimental data, the elliptic flow ratio of
neutrons vs. hydrogen isotopes (vn2 /v
H
2 ) is first considered as it is known to be equally
sensitive to the symmetry energy, especially at smaller transverse momenta (cf. Fig. 3)
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FIG. 3. (Color online) Dependence of the elliptic flow difference (panels (a) and (b)) and ratio
((c) and (d)) of free neutrons vs. free protons produced in semi-central 197Au+197Au collisions at
Elab = 400 MeV/nucleon as a function of the normalized transverse velocity ut0 for two rapidity
windows |y0| < 0.4 and 0.4 < |y0| < 0.6.
where the experimental errors are relatively small. Figure 4 shows the comparison of the
measured and the calculated ratios vn2 /v
H
2 as a function of the transverse momentum per
nucleon pt/A (pt/A = ut0·0.431 GeV/c at Elab = 400 MeV/nucleon and A is the mass number
of the emitted particles). SV-mas08&FP2 denotes the result calculated with SV-mas08 and
the FP2 parameterization of the NNECS [37, 41]. All calculations were performed for the
indicated impact-parameter and rapidity intervals and gated with the range of laboratory
angles accepted by LAND.
Similar to the results shown in Fig. 3, the vn2 /v
H
2 ratio increases with increasing L, from
Skz4 to SkI5, and its spreading steadily grows when moving to the low transverse momentum
region. When interpreting the results in more detail, it is seen that results calculated with
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FIG. 4. (Color online) (a) Elliptic flow ratio of neutrons vs. hydrogen isotopes (Z = 1) as
a function of the transverse momentum pt/A, calculated with the indicated 9 Skyrme forces for
central (b < 7.5 fm) 197Au+197Au collisions at Elab = 400 MeV/nucleon in the mid-rapidity interval
|y0| ≤ 0.5 in comparison with the FOPI/LAND data (shaded area) reported in Ref. [23];
(b) the same quantity calculated with the indicated 7 Skyrme forces for the intermediate rapidity
interval 0.25 ≤ |y0| ≤ 0.75.
SV-sym34 and SkA, for which the difference in L is only about 6 MeV, are almost overlapped
even though the difference in K0 is as large as almost 30 MeV and that of the effective mass
ratio m∗/m is 0.3. It illustrates the sensitivity of the elliptic flow ratio to the stiffness of the
symmetry energy and not to the incompressibility of the nuclear EoS. Also the big difference
in m∗/m does not affect much the vn2 /v
H
2 ratio, which, at first glance, is not in agreement
with previous work addressing the contribution of the momentum dependent term to flow
observables (see, e.g., Refs. [25, 45]). However, as discussed for the ρτ term in Eq. 3, the
momentum dependent contribution from the Skyrme potential energy density functional is
very limited for the colliding conditions considered in the current work. The momentum
dependence comes mainly from the optical potential which originates to a large extent from
a type of Lorentz force in a relativistic description. Actually, another parameterization of
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the optical potential suggested in Ref. [45] has also been tested and no visible effect on the
elliptic flow ratio has been found, in line with the result of Ref. [53].
Furthermore, the results obtained with SV-mas08&FP2 and SV-mas08 (i.e. with FP4)
track each other closely, confirming the weak effect of the in-medium NNECS on the elliptic
flow ratio already observed in Ref. [23]. Note that the isospin dependence in both, the FP2
and FP4 NNECS parameterizations is not changed which still represents an open question.
Accordingly, the relative contributions of momentum and density modified NNECS to the
flows of neutrons and hydrogen isotopes should not change largely. Certainly, a larger
uncertainty assumed in the medium modifications of NNECS will definitely change the flow
ratio visibly due to the change in the total collision numbers. In that case, however, the
individual elliptic flows of neutrons and hydrogen isotopes will also vary largely, deviating
from the experimental data shown in Fig. 2 and thus from our desired precondition. We
may, therefore, conclude that the systematically increasing values of the elliptic flow ratio
vn2 /v
H
2 calculated with the selected forces are mainly due to the increase of the stiffness
of the symmetry energy and not to other changes of isoscalar components of the dynamic
transport.
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20
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L : 89±45 MeV
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FIG. 5. (Color online) The total χ2 characterizing the fit results obtained with the 21 studied
Skyrme forces as a function of the slope parameter L. The smooth curve is a quadratic fit to the
total χ2, and the horizontal dashed line is used to determine the error of L within a 2-σ uncertainty.
Figure 4 (b) shows the calculation results for the intermediate rapidity window 0.25 ≤
|y0| ≤ 0.75, for the same impact parameter and rapidity interval but without the gate on
laboratory angles. It is clearly seen that the differences of the various predictions steadily
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grow as one moves to the region of low transverse momentum. The vn2 /v
H
2 ratio in the
rapidity window 0.25 ≤ |y0| ≤ 0.75 seems considerably more sensitive to the density depen-
dent symmetry energy than in the mid-rapidity interval |y0| ≤ 0.5, thus offering interesting
opportunities for future experiments.
The results of fitting the transverse-momentum dependent flow ratio (Fig. 4 (a)) are
shown in Fig. 5 as a function of the slope parameter L. The symbols represent the total
χ2 as calculated with the 21 Skyrme interactions. The variation with L is well described
with a quadratic fit with an adjusted coefficient of determination (Adj. R-square) of 0.89.
The obtained minimum of χ2 corresponds to a slope parameter value L = 89 ± 45 MeV
within a 2-σ uncertainty. The so obtained constraint is rather close to the L = 83±52 MeV
(2-σ uncertainty) obtained previously [23]. The larger error in the latter case incorporates
estimates of systematic deviations observed when studying the impact parameter dependence
of the model comparisons. In fact, the fit result of γ = 0.98± 0.35 obtained by Russotto et
al. with the FP2 parameterization, corresponding to L = 89 ± 46 MeV (2 σ), is identical
to the value favored here, again supporting the sensitivity to the density dependence of the
symmetry energy while details of the method are of reduced importance.
It is interesting to see that the present result is slightly higher but still overlaps well with
recent constraints for the symmetry energy at subnormal and normal densities, and even
with constraints from astrophysical observations (see, e.g., Refs. [14–17, 59]). Differences
may arise to the extent that higher densities are probed with the present flow observables.
We also note that a larger L reduces the difficulty of parameterizing the symmetry energy
discussed by Dong et al. since Ksym is close to zero near the present central L ≈ 90 MeV,
according to the correlation established there [38]. Among the Skyrme forces in the favored
L interval, we find the MSL0 parameter set (L = 60 MeV) which was based on a series
of analyses of the neutron-skin thickness of heavy nuclei, isospin diffusion, and the double
neutron/proton ratio in HICs at intermediate energies [9]. This force, as well as members of
the families of SV-sym34 (L = 81 MeV) and Ska35s25 (L = 99 MeV), belong to the highly
selected CSkP set of Skyrme forces favored by the analysis of Dutra et al. [57].
The quadratic behavior of χ2 indicates that the flow ratio correlates linearly with L among
the set of Skyrme forces studied. This is illustrated in Fig. 6 for the four observables vn2 −v
p
2 ,
vn2 −v
H
2 , v
n
2 /v
p
2, and v
n
2 /v
H
2 . A linear fit describes the calculated correlation rather well in all
cases. A comparison is made with the FOPI-LAND results obtained for these observables
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FIG. 6. (Color online) The elliptic flow differences vn2 − v
p
2 (a) and v
n
2 − v
H
2 (b) and the elliptic
flow ratios vn2 /v
p
2 (c) and v
n
2 /v
H
2 (d) produced in moderately central (b < 7.5 fm)
197Au+197Au
collisions at Elab = 400 MeV/nucleon are shown as a function of the slope parameter L. In each
plot, the gray shaded region indicates the pt/A-integrated experimental data [23], full squares
denote UrQMD calculations with the studied set of Skyrme forces, while the lines represent linear
fits to the calculations.
when sorted into the transverse-momentum interval 0.3 GeV/c≤ pt ≤ 1.0 GeV/c. The
selected intervals of L (with 1-σ uncertainty) largely overlap but also exhibit differences of
up to about 25 MeV of their central values whose numerical average is close to L = 85MeV. It
will be interesting to see more precise data becoming available as, e.g., from the recent ASY-
EOS (S394) experiment at GSI [60], which will be important also for testing the consistency
of the model predictions.
As reported in Ref. [25], a slope parameter of L = 122± 57 MeV was extracted with the
help of the Tu¨bingen QMD model. This is stiffer by about 30 MeV than the typical values
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that have been obtained here. As it turns out, this is only partly due to a possible model
dependence because numerical uncertainties arise also from how the data are sorted. Cozma
et al. start from an impact parameter dependent set of experimental values obtained by us-
ing the ratio ERAT of total transverse-to-longitudinal kinetic energies in the center-of-mass
system [36] for sorting according to centrality. Weighted averages were used to represent
the impact-parameter integrated (b ≤ 7.5 fm) flow values. Even though the results are fully
consistent within errors, they deviate slightly numerically from the multiplicity sorted values
used by Russotto et al. as well as here. The numerical average deduced from comparing the
neutron/proton and neutron/hydrogen differences and ratios with the calculations shown in
Fig. 6 is near L = 110 MeV, reflecting a 25-MeV systematic uncertainty due to differences
in impact-parameter sorting and in fitting correspondingly different azimuthal angular dis-
tributions. The remaining difference to L = 122 MeV may be ascribed to a residual model
dependence of the UrQMD and Tu¨bingen-QMD analyses. It is small in comparison to the
quoted uncertainty |∆L| = 57 MeV which, to a large part, arises from unknown properties
of the ingredients of transport models, including their isoscalar sector [25].
To summarize, the recently released FOPI experimental data of the transverse-velocity
dependence of elliptic flow of protons has been well described with the updated UrQMD
transport model in which the Skyrme potential-energy-density functional is adopted for the
mean-field part. The transverse-momentum dependent elliptic flow ratios vn2 /v
p
2 and dif-
ferences vn2 -v
p
2 were shown to exhibit a larger sensitivity to the stiffness of the symmetry
energy in the intermediate rapidity intervals 0.4 < |y0| < 0.6 than at mid-rapidity. As a
function of the transverse velocity, the sensitivity of the flow ratios is enhanced at the lower
and that of the differences at the higher transverse velocities. By comparing the calcula-
tions with the transverse-momentum dependent FOPI/LAND flow ratio vn2 /v
H
2 the slope
parameter of the density-dependent symmetry energy is extracted to be L = 89 ± 45 MeV
within a 2-σ confidence limit. Linear correlations of L with the predictions for ratios and
differences for neutrons vs. protons and neutrons vs. all hydrogen isotopes have been es-
tablished for the selected class of phenomenological forces. The results obtained from the
comparison with the four transverse-momentum integrated experimental values are spread
over an interval of ∆L ≈ 25 MeV but found to be consistent with each other within errors.
Their numerical average is L ≈ 85 MeV. A slightly larger slope parameter L ≈ 110 MeV
is obtained from a similar comparison with the flow data published in Ref. [25] for which
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the transverse-vs.-longitudinal kinetic energy ratio ERAT has been used for the impact-
parameter determination instead of the particle multiplicity used in Ref. [60]. More precise
data will be needed to clarify to what extent these differences indicate residual system-
atic uncertainties or, possibly, mainly reflect the general statistical limits of the presently
available experimental flow data.
The presented results are in full agreement with the previous studies performed with
the UrQMD or Tu¨bingen QMD models, indicating a moderately soft to linear density de-
pendence of the symmetry energy. They contrast with diverging results obtained from the
comparisons of IBUU or LQMD model calculations with the FOPI π−/π+ ratios from which
both, extremely soft and extremely stiff behaviors were extracted. The obtained slope pa-
rameter of L ≈ 90− 110 MeV is larger than the typical L = 60 MeV resulting from nuclear
structure studies and reactions at lower energies. If confirmed with more precise data, this
may reflect the higher densities probed at the present energy as well as the approximations
made with parameterizations and extrapolations. It is clear that new experiments addressing
the strength and density dependence of the symmetry energy, as presently performed or in
preparation at several laboratories, will play an important role in clarifying these questions.
On the theoretical side, the non-equilibrium effect is one of the most important char-
acteristics of heavy ion collisions at intermediate energies for which the isospin degree of
freedom can be used as a sensitive probe. The issue of the degree of isospin equilibrium
should receive more attention, including the investigation of the isospin dependence in both,
the momentum-modified mean-field potentials and the binary scatterings representing the
in-medium nuclear interaction. In a future study, this problem will be addressed within the
same microscopic transport model.
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